ABSTRACT. In this note we explain a point left unexplained in [7] , namely that for a sufficiently smooth m-linear Calderón-Zygmund operator bounded on a product of Lebesgue spaces we have (1) T (
INTRODUCTION
This article is a subsequent of [7] and is concerned with the boundedness of multilinear Calderón-Zygmund operators on products of Hardy spaces. We explain a point left unexplained in [7] , namely the validity of identity (1), and we discuss approximations of general m-linear Calderón-Zygmund operators by sequences of smoother ones.
Multilinear Calderón-Zygmund operators were introduced by Coifman and Meyer [4] , [5] but were not systematically studied for about a quarter century until the appearance of [9] and its subsequent article [8] . The boundedness of these operators on products of Hardy H p spaces first appeared in [7] . Subsequently, the articles [10] , [11] studied the boundedness of these operators from product Hardy spaces into Hardy spaces under some additional conditions; the related work in [3] focuses on singular integrals in product spaces.
We begin by giving a precise definition of Calderón-Zygmund operators. Let D(R n ) be the space of smooth functions with compact support. . And we call A α and A Calderón-Zygmund constants. Remark 1.2. The fact that S is a Schwartz kernel of T means that S is an element of D (R (m+1)n ) and such that for all f j , g ∈ D(R n ) we have
to L r for any r j , r with 1 < r j < ∞,
see [9] .
Thoughout this paper we will assume that q j > 1 and p j ≤ 1 In [7] the authors proved that T is bounded from
by showing that T (a 1 , . . . , a m ) L p ≤ C, where a j are H p jatoms. Then they used (without proof) identity (1) to extend the boundedness of T from H p 1 × · · · × H p m to L p . The proof of (1), although trivial for finite sums of atoms, is quite delicate and requires substantial work for infinite sums; the details of the argument are carefully described in this article. Note that it does not suffice to know the validity of (1) for finite sums of atoms, to derive the boundedness of T on H p 1 × · · · × H p m . In fact, although the set F of finite combinations of atoms is dense in H p j , Bownik [2] , inspired by an idea of Meyer (contained in [13] ), constructed an example of a linear functional on a dense subspace of H 1 that is uniformly bounded on F but does not extend to a bounded linear functional on the whole H 1 .
This paper is organized in the following way. In section 2 and 3 we will prove our main result, namely that for almost all x ∈ R n we have
and as a consequence, T is bounded on products of Hardy spaces. In section 4 and 5 we will provide an alternative proof of this identity for Calderón-Zygmund operators defined as almost pointwise limits of smoother operators.
THE APPROXIMATIONS {T k }
To realize our objective we need to introduce a new operator T k which is defined as
where R k ( f ) = φ k * f , φ is a nonnegative smooth radial function supported in B(0, 1) (the unit ball of radius 1) whose integral is 1, and φ k (x) = k n φ (kx).
For this type of approximations in the linear case, we refer to [12] and [1] .
, ∞ > q j > 1 and q ≥ 1. These T k 's satisfy several nice properties which we state in the following two theorems.
Theorem 2.1. {T k } is a collection of Calderón-Zygmund operators with the same Calderón-Zygmund constants.
Proof. We have that
Next, we check condition (2) on the kernel S k of T k
which, by an easy calculation, is defined at every point by
We consider two cases concerning the size of d( y) when we fix k.
. If we choose the largest term |y l 1 − y l 2 | among |y i − y l |, we have |y l 1 − y l 2 | > 4 k and therefore supp τ y l 1 φ k ∩ supp τ y l 2 φ k = / 0. As a result, S k (y 0 , . . . , y m ) can be written as
where the constant C is independent of k.
k . We can use the boundedness of T to get |∂
where again C is independent of k.
Note that the preceding proof shows that each function ∂ α 0 Proof. Any finite collection of Calderón-Zygmund operators can be made to have the same Calderón-Zygmund constants, so we need only to check that each T β with kernel ∂ β S k is a Calderón-Zygmund operator.
We have proved the case β = 0 in Theorem 2.1. For the case
Concerning the boundedness of T β on some product of Lebesgue spaces, we take q = 1 and use the property that ∂ β S k is bounded to get
To verify the latter, we split the integral into two parts
k and we must have l such that |x − y l | > 2r km and then let us choose i = l, as a result
By now we have checked the boundedness requirement in Definition 1.1 and therefore we conclude the proof.
We now study the behavior of T k on Hardy spaces. At first let us notice that since T k are Calderón-Zygmund operators with the same Calderón-Zygmund constants, by the results proved in [7] , there is a constant C independent of k such that
In the next section we show that for all x ∈ R n we have
Under these assumptions, we have
If we fix f j ∈ H p j ∩ L q j , then we can extract a subsequence k i , which de-
a.e.. Applying Fatou's lemma and
3. ∂ β S k AS A CONTINUOUS LINEAR FUNCTIONAL ON H p j Theorem 3.1. Fix k, x, j and f t ∈ H p t ∩ L q t for t = j, then
* . Now use this idea iteratively with f 1 replaced by a 1,i 1 to obtain (3) .
loc (R n ) and there is a constant C such that for any cube Q ⊂ R n , there is a polynomial P of degree less than [α] such that
The smallest C such that the previous inequality is true is denoted by g L q α . This norm makes L q α (R n ) a normed space if we identify functions whose difference is a polynomial of degree less than [α]. We need a characterization of (H p ) * which is discussed in detail in [6] .
Proof of Theorem 3.1. By Theorem A, we need only to check that the function in Theorem 3.1 is in L ∞ α (R n ), which is exactly (H p ) * if 0 < p < 1.
Although L ∞ 0 is not (H 1 ) * , the former is a subspace of the latter since
Let us consider the function G β (y m ) = ∂ β S k (x, y 1 , . . . , y m−1 , y m ), where x, y 1 , . . . , y m−1 are fixed and |β | ≤ J − ([α m ] + 1) with J a fixed positive integer, which is larger than m + ∑ m j=1 [α j ] and we use α j to denote
≤ C with C independent of x, y 1 , . . . , y m−1 and β . Indeed for any cube Q = Q(x 0 , r), a cube centered at x 0 with length r, there is a polynomial P such that |G β (y m ) − P(y m )| ≤ C|Q| α m n for all y m in Q. The functions G β = ∂ β S k are bounded with bound C independent of x, y 1 , . . . , y m−1 and β , so we can take P = 0 and show that |G β (y m )| ≤ C ≤ C|Q| α m /n whenever r ≥ 1. Now we can restrict ourselves to the case where r < 1. If we take P to be the Taylor polynomial of G β (y m ) at x 0 of degree
where C depends on the Calderón-Zygmund constants of operators of the form T γ+β , but it's independent of the aforementioned variables. Now we have proved that G β ∈ (H p m ) * with bounded norms for
is an atomic decomposition of f m . Furthermore we can show that | G β , f m | ≤ C f m H p m with C independent of the variables again.
We will finish the proof by induction. Let us assume we have proved that,
, as functions of y j , are functions in (H p j ) * with norms bounded by
where C is independent of x, y 1 , . . . , y j and β . Fix f i for i ≥ j and define
We need only consider the case r < 1 again because of (4). Take P as the Taylor polynomial of
where C is independent of x, y 1 , . . . , y j−2 and β . To summarize, we have proved that
We therefore obtain the statement of this theorem by symmetry.
In Definition 1.1 we can take I = m + ∑ m j=1 [α j ], which would be enough to establish (3).
AN ALTERNATIVE APPROACH
We can prove a stronger result, namely that equality (3) is true if we replace T by T k , where T is a Calderón-Zygmund operator defined in Definition 1.1 with an additional condition (5) . A direct corollary of this result is that
H p m , whose proof is the same as we did for T k at the end of section 2.
Pick a function Φ(x) which is C ∞ on R n and is equal to 1 for |x| ≥ 2 and vanishes for |x| ≤ 1. Then we define for ε < 1/10
and it's easy to check that |∂ α K( y)| ≤ A α d( y) −mn−|α| uniformly in ε by considering x to be comparable to ε, 1/ε and otherwise respectively. We can define a truncated operator
If there exists a sequence {ε k } that tends to zero and we can define T as
initially for Schwartz functions f j . Examples of operators of this kind can be found in [9] . Actually if (6)
for all 0 < R 1 < R 2 < ∞, then we can define an m-linear translation-invariant Calderón-Zygmund operator satisfying (5) . By Cotlar's inequality in [8] we
Although the maximal operator in [8] is defined in a non-smooth way, while here we defined the maximal operator via smooth truncations, we still are able to apply results in [8] because the difference of these two operators is controlled by the product of the Hardy-Littlewood maximal operators.
Theorem 4.1. Let T be an m-linear Calderón-Zygmund operator satisfying (5), then
where f j = ∑ i j λ j,i j a j,i j lies in H p j ∩ L 2 and the sum provides an arbitrary atomic decomposition of f j .
Proof. To prove this theorem, we first prove the analogous result for T (ε) , i.e.,
Let us fix ε > 0. Then we have
The kernels K (ε) satisfy the same assumptions as K uniformly in ε, therefore in view of the results in [7] we have that
which tends to 0 as L → ∞.
To estimate term I, we need the following lemma which will be proved in next section.
where M N is the grand maximal function defined as
and N = max j [
Then term I tends to 0 once we observe that ∑ ∞ i j =L λ j,i j a j,i j H p j → 0 as L → ∞ and term I can be controlled by a sum of terms with each term of the form (∏ t = j f t H p t (∑ i j ≥L |λ j,i j | p j ) 1/p j ) p . Since δ is arbitrary, we establish that
To remove the ε in the preceding equality, we claim that
in measure as ε k → 0. Hence once we fix the f j 's and their atomic decomposition f j = ∑ j λ j,i j a j,i j for 1 ≤ j ≤ m, we can find a subsequence ε k l → 0 such that
Combining all these results and (7) we can get the desired equality. Now let us prove the claimed convergence in measure (8) . We want to estimate
We bound the second term by C(2/δ ) p ∑ max (i 1 ,...,i m )≥L+1 |λ 1,i 1 · · · λ m,i m | p , which turns out to be less than a given τ > 0 if L is large. Once we fix L, the first term can be controlled by τ too for ε k small since T (ε k ) → T in L q . Therefore the claimed convergence is valid.
PROOF OF LEMMA 4.2
Now we will prove that if f j ∈ L 2 ∩ H p j , then
where M N is the grand maximal function. We will use the following fact: Let F be a C ∞ function on R n supported in [−A/2, A/2] n for some A > 0. Then we have
(This is proved via a Fourier series expansion of the function F(Ax) on the cube [−1/2, 1/2] n .) For every x ∈ R n define a function K (ε,x) on (R n ) m via K (ε,x) (t 1 , . . . ,t m ) = K (ε) (x, x + t 1 , . . . , x + t m )
Then we have To estimate C k (x, ε) we integrate by parts with respect to the differential operator (I − ∆ t 1 ) M · · · (I − ∆ t m ) M . We note that the hypothesis (2) on K (which is also valid for K (ε) ) implies that All the functions inside the integral are multiples of normalized bumps whose N N norm is at most a multiple of (1 + |k j |) N+1 . Taking 2M > N + 1 + n we obtain the required conclusion in view of the decay of the sum in k. Note that we need here I = m(N + 1 + n) in Definition 1.1.
